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Matrix Gateway to Geometric Algebra, Spacetime and Spinors

Geometric algebra has been presented in many different guises
since its invention by William Kingdon Clifford shortly before his
death in 1879. Our guiding principle is that it should be fully inte-
grated into the foundations of mathematics, and in this regard noth-
ing is more fundamental than the concept of number itself. In this
book we fully integrate the ideas of geometric algebra directly into
the fabric of matrix linear algebra. A geometric matrix is a real or
complex matrix which is identified with a unique geometric number.
The matrix product of two geometric matrices is just the product
of the corresponding geometric numbers. Any equation can be ei-
ther interpreted as a matrix equation or an equation in geometric
algebra, thus fully unifying the two languages. The first 6 chapters
provide an introduction to geometric algebra, and the classification
of all such algebras. Exercises are provided. The last 3 chapters ex-
plore more advanced topics in the application of geometric algebras
to Pauli and Dirac spinors, special relativity, Maxwells equations,
quaternions, split quaternions, and group manifolds. They are in-
cluded to highlight the great variety of topics that are imbued with
new geometric insight when expressed in geometric algebra. The
usefulness of these later chapters will depend on the background
and previous knowledge of the reader. Matrix Gateway to Geo-
metric Algebra will be of interest to undergraduate and graduate
students in mathematics, physics and the engineering sciences, who
are looking for a unified treatment of geometric ideas arising in these
areas at all levels. It should also be of interest to specialists in linear
and multilinear algebra, and to mathematical historians interested

in the development of geometric number systems.



Complex and Hyperbolic Numbers

—wo<p <o

Euclidean plane, Hyperbolic plane

z =+ 1y, w =1 + uy,
where
1“ = —1, and u? = 1.

e = cosf+isin 6, e? = cosh ¢+ sinh ¢.
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Real New Numbers R — R(a,b)

Real numbers R, complex numbers
C, and hyperbolic numbers H.
R— C and R — H

Let a and b be two new numbers
satistying the Basic Rules

1) a? = 0 = b? (nilpotents)
2)2a-b = ab +ba =1

(inner
product)
mante 1: Multiplication Table.
a| b ab|ba
a| 0 lab] 0| a
b|ba 0| b |0
ab| a | 0 [ab| 0
ba| 0 | b | 0 |ba




Real numbers R extended to R(a, b).
X € R(a,b) «—

11 T19 ba
X =(ba a
( )<1L‘21 51322> <b>
= xr11ba + r91a + x19b 4+ z990ab
We say that | X] = (azn $12> is

21  L22
the matrix of X.

No’d

o

f=a-b
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Lorentzean plane RU! = spang{e, f}
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u=2(a<?b)

Hyperbolic number plane

ab+-ba=1and ab —ba=u

<

(ab)® = ab(1 — ba) = ab
(ba)’ = ba(l — ab) = ba

ab and ba are idempotents.
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Geometry of R(a,b)
Given
ba

X =(ba a)l[X] ( ; ) c R(a, b).

tr(X) = X + X* = trace[X]
and
det X = X X* = det[X],
where
X=a+v, X"=a—-v
for a= %tr(X) = (x11 + 799),

VvV = x21a+x12b+(a:11 —:l?22)b/\a,
and

det X = X X" = (a+V)(a—vV)

2 2
= Q@ — V. =T11222 — L21X12-



Characteristic polynomial of X
o(A) = (A —a)? —v2
Cayley-Hamilton Theorem
p(X)=(X —a) —v?>=0.
v = 219m1 + (211 — 292)°,
X € R(a, b) is hyperbolic, parabolic,
or Fuclidean it
> ()
vZ =0 :
< 0

respectively. Null cone v2 = 0




Thm i) For X = a+ v hyperbolic
X = A\Vy + Aov

for real eigenvalues

)\1:()4—%\/@,)\2:&4—\/@,

and eigenpotents (idempotents)
. 1 . \%
Vi zi(liv), VEM.
ii) For X = a 4 n parabolic
X = a+n, where n’ = (.
iii) For X = a + v Euclidean
X =AVyi+ v

for complex eigenvalues

)\1:044-\/@,)\2:04—1—\/@,

and eigenpotents (idempotents)
1 \Y%

vy =—(1xiv), v=—.

V4 2( iv), V -
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Geometric algebras of 2x2 matrices
1) G171 :=R(e, f)=My(R) where
e=a+b, f=a—-b
and 2 =1 = —f2 ef = —fe.
i) Gp2:=R(e,f,ief) = Cle, f)=M>(C)

where
e=a+b, f=a—>b

and i = ef(ief) = i(ef)? is a
trivector.

iii)  Gg := R(e, ef )=Mp(2) where
e=a+b, f=a—Db.
iv) Gs:=R(e,if, ef)=Mc(2) where
e=a+b, f=a—Db.
Pauli matrices:

e] = (1), lf] =7 V), lef] =(5 4).
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Space-time algebra

G3 = R(ey, e, e3),
where

e :=e, e :=1f, eg:=ef.

Rest frame of an observer (blue)

E = {e1, e, e3}
Frame of an observer moving at ve-
locity v/c = egtanh ¢ (yellow)

/1 TN, I
E" = {e],e; = ey, eq
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Stereographic Projection
in Gs

X = xr1€e1+x9€ey € R2, m = x+ej
Sphere:
5°={ala’=1} c R’
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Stereographic Projection
in G2 = R(ey, 1, )

2

XZf(é):é—FeO_eO,

7
' -~
a
e

x = x1f1+a9fy € ]R{O’Q, m = X+e,
Hyperboloid
L?={a|a®* =1} c RY?
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Higher Dimensional Geometric Matrices

Let {aq, b1} and {a9, by} be pairs

of null vectors satisfying the basic

rules defining the real new num-

bers R(ay, by) and R(as, bo). In ad-

dition, assume that a;0;. = —bra;

for all ¢, k = 1,2, anti-commuting,

and a;aj. = —aja; and b;b;. = —br.a;

for ¢ # k.

Using the Directed Kronecker Product,

the canonical null vector basis

of Gg o over R is

(aﬂ)@(é)uﬁ(l )& (1 by)
(1)
aj

B ui2(1 b1 b2 o)

oy
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[(wg  bug boup by
a1uU UJ{UQ a1b9 —bgu]i
| asuy  asby ulug blu;
\ay —aouf apul uf, )

Given a geometric number g €
G 9,
(1)
b1

i/

where [g] is the real matrix of g.

g=(1 a1 ay az)uislg]
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For g € Gz,g — R<€1, €2, f17 f27 fS);
for e = ap +0bp and f. = ap — by,

g=(1 a

ax a12)ui2lg]

where |g| is the complex matrix of

g, for 1 = ey f1ea fo f3.
121)

CL —

a] (143

w = (0

by] = [ay)", [bo

>:
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More generally, for G5 5=M3o(R)
and G5 6=M32(C),

131
o —14,2
14,3 B
16,5 o
o 1110
o —112,10
112,11 o
114,13 i
li6,15 [CLQ] p— ligar ]
[CL]_] — lig,17 ’ o
o 123,21
o —124,22
e 127,25
o —1928,26
128,27 e
o —132,30
132,31
lo1
5 —110,2
o —111,3
B l12,4
o —113,5
1 lia6
—1lis,10 e
—1i5,11 e
116,12 [a4] p— los.1r ,
[ag] - o 7 —126,18
—122,18 e
—123,19 o
124,20 e
B 130,22
—130,26 o
Eo —132,24
132,28
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1171
—1i1g,2
—1lig3

1204
—1215
1226
1237

—124

— 8
a’5 - —125.9 9
126,10
127,11
—12g,12
129,13

—130,14
—131,15
132

and [by] = [az]! for k =1,...5.
Gn,n — R(ela ", En, fla R fn>;M2n(R)

and
Gn,n—i—l — C(617 "y En;, f17 T fn);M2”<C>a

where as before e; := a; + b; and

fi = a; —b;.

18



Bibliography
References

[1] G. Sobczyk, Matriz Gateway to Geometric
Algebra, Spacetime and Spinors, to appear.

2] ———, Hyperbolic Number Plane, The
College Mathematics Journal, Vol. 26, No. 4,
pp.268-280, September 1995.

[3] S. Ramos Ramirez, J.A. Juarez Gonzélez, G.
Sobczyk, From Vectors to Geometric Algebra,
https://arxiv.org/pdf/1802.08153.pdf

[4] G. Sobcezyk, New Foundations in Mathe-
matics: The Geometric Concept of Number,
Birkhauser, New York 2013.

[5] -, Geometrization of the Real Number
System  https://arxiv.org/pdf/1707.02338.pdf
http://www.garretstar.com

6] ——, Scaffolding ~ of  Spacetime
https://arxiv.org/pdf/1910.09298.pdf

19



