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Matrix Gateway to Geometric Algebra, Spacetime and Spinors

Geometric algebra has been presented in many different guises

since its invention by William Kingdon Clifford shortly before his

death in 1879. Our guiding principle is that it should be fully inte-

grated into the foundations of mathematics, and in this regard noth-

ing is more fundamental than the concept of number itself. In this

book we fully integrate the ideas of geometric algebra directly into

the fabric of matrix linear algebra. A geometric matrix is a real or

complex matrix which is identified with a unique geometric number.

The matrix product of two geometric matrices is just the product

of the corresponding geometric numbers. Any equation can be ei-

ther interpreted as a matrix equation or an equation in geometric

algebra, thus fully unifying the two languages. The first 6 chapters

provide an introduction to geometric algebra, and the classification

of all such algebras. Exercises are provided. The last 3 chapters ex-

plore more advanced topics in the application of geometric algebras

to Pauli and Dirac spinors, special relativity, Maxwells equations,

quaternions, split quaternions, and group manifolds. They are in-

cluded to highlight the great variety of topics that are imbued with

new geometric insight when expressed in geometric algebra. The

usefulness of these later chapters will depend on the background

and previous knowledge of the reader. Matrix Gateway to Geo-

metric Algebra will be of interest to undergraduate and graduate

students in mathematics, physics and the engineering sciences, who

are looking for a unified treatment of geometric ideas arising in these

areas at all levels. It should also be of interest to specialists in linear

and multilinear algebra, and to mathematical historians interested

in the development of geometric number systems.
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Complex and Hyperbolic Numbers

Euclidean plane, Hyperbolic plane

z = x + iy, w = x + uy,

where

i2 = −1, and u2 = 1.

eiθ = cos θ+i sin θ, eφu = coshφ+u sinhφ.

eiθ1eiθ2 = ei(θ1+θ2), euφ1euφ2 = eu(φ1+φ2)
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Real New Numbers R→ R(a,b)

Real numbers R, complex numbers
C, and hyperbolic numbers H.

R −→ C and R −→ H
Let a and b be two new numbers

satisfying the Basic Rules

1) a2 = 0 = b2 (nilpotents)

2) 2a · b ≡ ab + ba = 1 (inner
product)

Table 1: Multiplication Table.
a b ab ba

a 0 ab 0 a
b ba 0 b 0
ab a 0 ab 0
ba 0 b 0 ba

aba = (1− ba)a = a
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Real numbers R extended to R(a,b).

X ∈ R(a,b) ⇐⇒

X = (ba a )

(
x11 x12
x21 x22

)(
ba
b

)
= x11ba + x21a + x12b + x22ab

We say that [X ] =

(
x11 x12
x21 x22

)
is

the matrix of X .
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5



0.2 0.4 0.6 0.8 1

-1

-0.5

0.5

1

ab

ba

ab+ba=1

ab-ba

N
even
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Hyperbolic number plane

ab + ba = 1 and ab− ba = u

⇐⇒

(ab)2 = ab(1− ba) = ab

(ba)2 = ba(1− ab) = ba

ab and ba are idempotents.
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Geometry of R(a,b)
Given

X = (ba a ) [X ]

(
ba
b

)
∈ R(a,b).

tr(X) := X + X∗ = trace[X ]

and

detX = XX∗ = det[X ],

where

X = α + v, X∗ = α− v

for α = 1
2tr(X) = (x11 + x22),

v = x21a+x12b+(x11−x22)b∧a,
and

detX = XX∗ = (α + v)(α− v)

= α2 − v2 = x11x22 − x21x12.
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Characteristic polynomial of X

ϕ(λ) := (λ− α)2 − v2.

Cayley-Hamilton Theorem

ϕ(X) = (X − α)2 − v2 = 0.

v2 = x12x21 + (x11 − x22)2,

X ∈ R(a,b) is hyperbolic, parabolic,
or Euclidean if

v2
> 0
= 0
< 0

,

respectively. Null cone v2 = 0
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Thm i) For X = α+v hyperbolic

X = λ1v̂+ + λ2v̂−
for real eigenvalues

λ1 = α +
√

v2, λ2 = α +
√
v2,

and eigenpotents (idempotents)

v̂± =
1

2
(1± v̂), v̂ ≡ v

|v|
.

ii) For X = α + n parabolic

X = α + n, where n2 = 0.

iii) For X = α + v Euclidean

X = λ1v̂+ + λ2v̂−
for complex eigenvalues

λ1 = α +
√

v2, λ2 = α +
√
v2,

and eigenpotents (idempotents)

v̂± =
1

2
(1± iv̂), v̂ ≡ v

|v|
.
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Geometric algebras of 2×2 matrices

i) G1,1 := R(e, f)=̃M2(R) where

e = a + b, f = a− b

and e2 = 1 = −f2, ef = −fe.

ii) G1,2 := R(e, f , ief) ≡ C(e, f)=̃M2(C)
where

e = a + b, f = a− b

and i = ef(ief) = i(ef)2 is a
trivector.

iii) G2 := R(e, ef)=̃MR(2) where

e = a + b, f = a− b.

iv) G3 := R(e, if , ef)=̃MC(2) where

e = a + b, f = a− b.

Pauli matrices:
[e] = ( 0 1

1 0 ) , [if ] = ( 0 −i
i 0 ) , [ef ] = ( 1 0

0 −1 ) .
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Space-time algebra

G3,0 = R(e1, e2, e3),

where

e1 := e, e2 := if , e3 := ef .
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Rest frame of an observer (blue)

E := {e1, e2, e3}
Frame of an observer moving at ve-
locity v/c = e2 tanhφ (yellow)

E′′ := {e′′1 , e
′′
2 = e2, e

′′
3}
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Stereographic Projection
in G3

x = f (â) =
2

â + e3
− e3,

e

e

e

1

2

3

m

a

x

e3-

x = x1e1+x2e2 ∈ R2, m = x+e3

Sphere:

S2 = {â| â2 = 1} ⊂ R3
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Stereographic Projection
in G1,2 = R(e0, f1, f2)

x = f (â) =
2

â + e0
− e0,

x = x1f1+x2f2 ∈ R0,2, m = x+e0,

Hyperboloid

L2 = {â| â2 = 1} ⊂ R1,2
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Higher Dimensional Geometric Matrices
Let {a1, b1} and {a2, b2} be pairs

of null vectors satisfying the basic
rules defining the real new num-
bers R(a1, b1) and R(a2, b2). In ad-
dition, assume that aibk = −bkai
for all i, k = 1, 2, anti-commuting,
and aiak = −akai and bibk = −bkai
for i 6= k.

Using the Directed Kronecker Product,
the canonical null vector basis

of G2,2 over R is(
1
a1

)
−→⊗
(

1
a2

)
u12 ( 1 b2 )

←−⊗ ( 1 b1 )

=


1
a1
a2
a12

u12 ( 1 b1 b2 b21 )
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=


u12 b1u2 b2u1 b21

a1u2 u
†
1u2 a1b2 −b2u

†
1

a2u1 a2b1 u1u
†
2 b1u

†
2

a12 −a2u
†
1 a1u

†
2 u

†
12

 .

Given a geometric number g ∈
G2,2,

g = ( 1 a1 a2 a12 )u12[g]


1
b1
b2
b21

 ,

where [g] is the real matrix of g.

15



For g ∈ G2,3 = R(e1, e2, f1, f2, f3),
for ek = ak+ bk and fk = ak− bk,

g = ( 1 a1 a2 a12 )u12[g]


1
b1
b2
b21

 ,

where [g] is the complex matrix of
g, for i = e1f1e2f2f3.

[a1] =

(
121
143

)
=


0 0 0 0
1 0 0 0
0 0 0 0
0 0 1 0

 ,

[a2] =

(
131
−142

)
=


0 0 0 0
0 0 0 0
1 0 0 0
0 −1 0 0

 ,

[b1] = [a1]T , [b2] = [a2]T .
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More generally, for G5,5=̃M32(R)
and G5,6=̃M32(C),

[a1] =



12,1
14,3
16,5
18,7
110,9
112,11
114,13
116,15
118,17
120,19
122,21
124,23
126,25
128,27
130,29
132,31

 , [a2] =



13,1
−14,2
17,5
−18,6
111,9

−112,10
115,13
−116,14
119,17
−120,18
123,21
−124,22
127,25
−128,26
131,29
−132,30

 ,

[a3] =



15,1
−16,2
−17,3
18,4
113,9

−114,10
−115,11
116,12
121,17
−122,18
−123,19
124,20
129,25
−130,26
−131,27
132,28

 , [a4] =



19,1
−110,2
−111,3
112,4
−113,5
114,6
115,7
−116,8
125,17
−126,18
−127,19
128,20
−129,21
130,22
131,23
−132,24

 ,
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[a5] =



117,1
−118,2
−119,3
120,4
−121,5
122,6
123,7
−124,8
−125,9
126,10
127,11
−128,12
129,13
−130,14
−131,15
132,16

 ,

and [bk] = [ak]T for k = 1, ...5.

Gn,n = R(e1, · · · , en, f1, · · · , fn)=̃M2n(R)

and

Gn,n+1 = C(e1, · · · , en, f1, · · · , fn)=̃M2n(C),

where as before ei := ai + bi and
fi = ai − bi.
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